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Goudsmith and Uhlenbeck 1925: “self-rotating” electron

G.E. Uhlenbeck and S. Goudsmith, Naturwissenschaften 47, 953 (1925); Nature 117, 264 (1926) 

“This is a good idea. Your idea may be wrong, but since both of you are so young 
without any reputation, you would not lose anything by making a stupid mistake” 
(Ehrenfest)



Part of a letter by L.A. Thomas to Goudsmith, 1926: Goudsmith archive of the AIP Center for History of Physics


“If Kronig had not left Leiden and had stayed with Ehrenfest, then things would have taken another course. 
Ehrenfest would have encouraged him and said: “That you ought publish”. With Pauli, of course, it was entirely 
different….. “(Goudsmith, April 1971)

………….



After almost 100 years,  
what did we learn about the spin of the proton?

The most important lesson we have learned is that 
QCD has a very sophisticated way to build up the proton structure

How can we explore the origin of the nucleon spin?

• Sum Rules: use decompositions of the nucleon spin in various physical parts  
                     and relate them to experimental observables 

•Lattice QCD: ab initio calculations of spin 

•3D nucleon structure: assessments of spin and orbital angular momentum from  
                                     multidimensional map of the nucleon 



Spin Sum Rules

Each individual parts is renormalisation scale dependent 

There exist more than one way to split the Angular Momentum Operator

We look for a spin sum rule with the following properties:

•Experimental measurability: HERMES, COMPASS, polarized RHIC, JLab12, EIC, EICc, …. 

•Intuitive and clear partonic interpretation



Ji (covariant) Sum Rule Jaffe-Manohar (canonical) Sum Rule

• each term is gauge invariant 
Jq
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• frame independent

• it works also for the transverse AM 
in the infinite momentum frame

Jg
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•       and       can be obtained  
from moments of GPDs                                                    
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•                      are gauge dependent, 
BUT measurable 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• simple partonic interpretation in the IMF 

•             can be obtained from twist-3 GPDs 
and Wigner distributions         
`qz, `
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•                 can be obtained from pol. PDFs         
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Y. Guo, X. Ji, K. Shiells, arXiv: 2101.05243; X. Ji, F. Yuan, Y. Zhao, Nature Rev. Phys. 3 (2021) 1




Proton spin 
(Q2=10 GeV2)

Status of Spin Sum Rule

u+ ū d+ d̄ s+ s̄ g

spin (%) OAM spin (%) OAM spin (%) OAM spin (%) OAM

81± 1 �43± 1 �11± 2 40± 60 DSSV14

79± 5 �45± 5 12± 8 3± 324 NNPDF
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Comparison with Lattice calculations

PDFLattice17: average of phenomenological extractions: JAM15, NNPDFpol1.1, DSSV08 
                       from the community white paper,  Prog.Part.Nucl.Phys. 100 (2018) 107

Overall fair agreement between lattice calculations and phenomenological fits

Lattice QCD results could provide useful inputs to global fits of polarized PDFs

The uncertainties of the two have comparable size

Talk of N. Sato, Spin session, Thur.

Q2 = 4 GeV2
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Quark spin



We are constantly improving the knowledge of the contributions to the spin of the nucleon

What about a direct measurement of orbital angular momentum?

Quark Spin Gluon Spin

EIC Yellow Report: arXiv: 2103.05419

Impact of future EIC DIS measurements 
for quark and gluon spin contributions

EIC



Ji’s Sum Rule
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J
q,g = 1

2

R 1
�1 dx x (Hq,g(x, ⇠, 0) + E

q,g(x, ⇠, 0))

<latexit sha1_base64="qz/qj1T/1hU0vX4tNrlvg2EytGs="></latexit>

1
2 = Jq + Jg

<latexit sha1_base64="zLMwK3gIYFdE0OADXnJscVeSYaI=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJtgKglCSotiNUHAjXVWwD2jTMplO2qGTSZyZCCUE/BU3LhRx63e482+cPhbaeuDC4Zx7ufceL2JUKtv+NjIrq2vrG9nN3Nb2zu6euX/QkGEsMKnjkIWi5SFJGOWkrqhipBUJggKPkaY3upn4zUciJA35vRpHxA3QgFOfYqS01DOPCh1fIJw4aVJKr6vdh/Nqd1DomXm7aE9hLRNnTvIwR61nfnX6IY4DwhVmSMq2Y0fKTZBQFDOS5jqxJBHCIzQgbU05Coh0k+n5qXWqlb7lh0IXV9ZU/T2RoEDKceDpzgCpoVz0JuJ/XjtWftlNKI9iRTieLfJjZqnQmmRh9akgWLGxJggLqm+18BDpOJROLKdDcBZfXiaNUtG5KF7elfKV8jyOLBzDCZyBA1dQgVuoQR0wJPAMr/BmPBkvxrvxMWvNGPOZQ/gD4/MHpuCUnA==</latexit>

 at         unpolarized PDF⇠ = 0
<latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit>

not directly accessible

Lq
z = Jq � 1

2�⌃

<latexit sha1_base64="DNzS+LJ2w5rRVavtVXj71ZUIq5Y=">AAACDXicbVDLSsNAFJ3UV62vqEs3g63gxpIUxW6Egi5EXFS0D2jSMJlO2qGTR2cmQg35ATf+ihsXirh1786/cfpYaOuBC4dz7uXee9yIUSEN41vLLCwuLa9kV3Nr6xubW/r2Tl2EMcekhkMW8qaLBGE0IDVJJSPNiBPku4w03P75yG/cEy5oGNzJYURsH3UD6lGMpJIcvVC4bg+ch7Or9uDI8jjCiZkmpdS6IEwi65Z2fQQLjp43isYYcJ6YU5IHU1Qd/cvqhDj2SSAxQ0K0TCOSdoK4pJiRNGfFgkQI91GXtBQNkE+EnYy/SeGBUjrQC7mqQMKx+nsiQb4QQ99VnT6SPTHrjcT/vFYsvbKd0CCKJQnwZJEXMyhDOIoGdignWLKhIghzqm6FuIdUJlIFmFMhmLMvz5N6qWgeF09uSvlKeRpHFuyBfXAITHAKKuASVEENYPAInsEreNOetBftXfuYtGa06cwu+APt8wfoj5rM</latexit>

H(x, ⇠, t), E(x, ⇠, t)

<latexit sha1_base64="9rbUDo1SCaV27Md1mJGyU75sAdc=">AAACAnicbZBdSwJBFIbP9mn2tdVVdDOkgYHIrhR5KUTgpUF+gC4yO446OPvBzGwoi3TTX+mmiyK67Vd0179p1CVKe2Hg4T3ncOa8bsiZVJb1Zaysrq1vbKa20ts7u3v75sFhXQaRILRGAh6Iposl5cynNcUUp81QUOy5nDbc4fW03rinQrLAv1PjkDoe7vusxwhW2uqYx9lKbpRvj1henefRzQ+jbMfMWAVrJrQMdgIZSFTtmJ/tbkAij/qKcCxly7ZC5cRYKEY4naTbkaQhJkPcpy2NPvaodOLZCRN0pp0u6gVCP1+hmft7IsaelGPP1Z0eVgO5WJua/9VakeqVnJj5YaSoT+aLehFHKkDTPFCXCUoUH2vARDD9V0QGWGCidGppHYK9ePIy1IsF+6JweVvMlEtJHCk4gVPIgQ1XUIYKVKEGBB7gCV7g1Xg0no03433eumIkM0fwR8bHN+f5lIY=</latexit>

•                                : twist-2 GPDs

X. Ji, F. Yuan, Y. Zhao, Nature Rev. Phys. 3 (2021) 1
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Ji’s Sum Rule

1
2�⌃

<latexit sha1_base64="/+98Fcw27C2/ZrBL48vxM7iw5dM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDLaCq5IURVdS0IXLivYBTSiT6aQdOjMJMxOhhIAbf8WNC0Xc+hPu/BunbRbaeuDC4Zx7ufeeIGZUacf5tgpLyyura8X10sbm1vaOvbvXUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsYXU389gORikbiXo9j4nM0EDSkGGkj9eyDihdKhFM3S2uZd02YRtC7owOOKj277FSdKeAicXNSBjkaPfvL60c44URozJBSXdeJtZ8iqSlmJCt5iSIxwiM0IF1DBeJE+en0hwweG6UPw0iaEhpO1d8TKeJKjXlgOjnSQzXvTcT/vG6iwws/pSJONBF4tihMGNQRnAQC+1QSrNnYEIQlNbdCPEQmE21iK5kQ3PmXF0mrVnVPq2e3tXL9Mo+jCA7BETgBLjgHdXADGqAJMHgEz+AVvFlP1ov1bn3MWgtWPrMP/sD6/AHLSpb3</latexit>

Jg

<latexit sha1_base64="JktVSwQxLGyAi1CY5xvMTxgloM0=">AAAB7HicbVBNSwMxEJ31s9avqkcvwVbwVHaLoicpeBFPFdy20K4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjsrq2vrG5uFreL2zu7efungsKnjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjm6mfuuJKs1i+WDGCQ0EHkgWMYKNlfzK3eOg0iuV3ao7A1omXk7KkKPRK311+zFJBZWGcKx1x3MTE2RYGUY4nRS7qaYJJiM8oB1LJRZUB9ns2Ak6tUofRbGyJQ2aqb8nMiy0HovQdgpshnrRm4r/eZ3URFdBxmSSGirJfFGUcmRiNP0c9ZmixPCxJZgoZm9FZIgVJsbmU7QheIsvL5NmreqdVy/ua+X6dR5HAY7hBM7Ag0uowy00wAcCDJ7hFd4c6bw4787HvHXFyWeO4A+czx/PRI4F</latexit>

Lq
z

<latexit sha1_base64="WQLpd689XelDX9MGxRF/zA+HSek=">AAAB7nicbVA9SwNBEJ31M8avqKXNYiJYhbugaCUBGwuLCOYDkjPsbfaSJXt75+6eEI/8CBsLRWz9PXb+GzfJFZr4YODx3gwz8/xYcG0c5xstLa+srq3nNvKbW9s7u4W9/YaOEkVZnUYiUi2faCa4ZHXDjWCtWDES+oI1/eHVxG8+MqV5JO/MKGZeSPqSB5wSY6Vm6eb+oftU6haKTtmZAi8SNyNFyFDrFr46vYgmIZOGCqJ123Vi46VEGU4FG+c7iWYxoUPSZ21LJQmZ9tLpuWN8bJUeDiJlSxo8VX9PpCTUehT6tjMkZqDnvYn4n9dOTHDhpVzGiWGSzhYFicAmwpPfcY8rRo0YWUKo4vZWTAdEEWpsQnkbgjv/8iJpVMruafnstlKsXmZx5OAQjuAEXDiHKlxDDepAYQjP8ApvKEYv6B19zFqXUDZzAH+APn8AeBaO/g==</latexit>

J
q,g = 1

2

R 1
�1 dx x (Hq,g(x, ⇠, 0) + E

q,g(x, ⇠, 0))

<latexit sha1_base64="qz/qj1T/1hU0vX4tNrlvg2EytGs="></latexit>

1
2 = Jq + Jg

<latexit sha1_base64="zLMwK3gIYFdE0OADXnJscVeSYaI=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJtgKglCSotiNUHAjXVWwD2jTMplO2qGTSZyZCCUE/BU3LhRx63e482+cPhbaeuDC4Zx7ufceL2JUKtv+NjIrq2vrG9nN3Nb2zu6euX/QkGEsMKnjkIWi5SFJGOWkrqhipBUJggKPkaY3upn4zUciJA35vRpHxA3QgFOfYqS01DOPCh1fIJw4aVJKr6vdh/Nqd1DomXm7aE9hLRNnTvIwR61nfnX6IY4DwhVmSMq2Y0fKTZBQFDOS5jqxJBHCIzQgbU05Coh0k+n5qXWqlb7lh0IXV9ZU/T2RoEDKceDpzgCpoVz0JuJ/XjtWftlNKI9iRTieLfJjZqnQmmRh9akgWLGxJggLqm+18BDpOJROLKdDcBZfXiaNUtG5KF7elfKV8jyOLBzDCZyBA1dQgVuoQR0wJPAMr/BmPBkvxrvxMWvNGPOZQ/gD4/MHpuCUnA==</latexit>

 at         unpolarized PDF⇠ = 0
<latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit>

not directly accessible

Lq
z = Jq � 1

2�⌃

<latexit sha1_base64="DNzS+LJ2w5rRVavtVXj71ZUIq5Y=">AAACDXicbVDLSsNAFJ3UV62vqEs3g63gxpIUxW6Egi5EXFS0D2jSMJlO2qGTR2cmQg35ATf+ihsXirh1786/cfpYaOuBC4dz7uXee9yIUSEN41vLLCwuLa9kV3Nr6xubW/r2Tl2EMcekhkMW8qaLBGE0IDVJJSPNiBPku4w03P75yG/cEy5oGNzJYURsH3UD6lGMpJIcvVC4bg+ch7Or9uDI8jjCiZkmpdS6IEwi65Z2fQQLjp43isYYcJ6YU5IHU1Qd/cvqhDj2SSAxQ0K0TCOSdoK4pJiRNGfFgkQI91GXtBQNkE+EnYy/SeGBUjrQC7mqQMKx+nsiQb4QQ99VnT6SPTHrjcT/vFYsvbKd0CCKJQnwZJEXMyhDOIoGdignWLKhIghzqm6FuIdUJlIFmFMhmLMvz5N6qWgeF09uSvlKeRpHFuyBfXAITHAKKuASVEENYPAInsEreNOetBftXfuYtGa06cwu+APt8wfoj5rM</latexit>

H(x, ⇠, t), E(x, ⇠, t)

<latexit sha1_base64="9rbUDo1SCaV27Md1mJGyU75sAdc=">AAACAnicbZBdSwJBFIbP9mn2tdVVdDOkgYHIrhR5KUTgpUF+gC4yO446OPvBzGwoi3TTX+mmiyK67Vd0179p1CVKe2Hg4T3ncOa8bsiZVJb1Zaysrq1vbKa20ts7u3v75sFhXQaRILRGAh6Iposl5cynNcUUp81QUOy5nDbc4fW03rinQrLAv1PjkDoe7vusxwhW2uqYx9lKbpRvj1henefRzQ+jbMfMWAVrJrQMdgIZSFTtmJ/tbkAij/qKcCxly7ZC5cRYKEY4naTbkaQhJkPcpy2NPvaodOLZCRN0pp0u6gVCP1+hmft7IsaelGPP1Z0eVgO5WJua/9VakeqVnJj5YaSoT+aLehFHKkDTPFCXCUoUH2vARDD9V0QGWGCidGppHYK9ePIy1IsF+6JweVvMlEtJHCk4gVPIgQ1XUIYKVKEGBB7gCV7g1Xg0no03433eumIkM0fwR8bHN+f5lIY=</latexit>

•                                : twist-2 GPDs

• Requires extrapolation to t=0

X. Ji, F. Yuan, Y. Zhao, Nature Rev. Phys. 3 (2021) 1
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Ji’s Sum Rule

1
2�⌃

<latexit sha1_base64="/+98Fcw27C2/ZrBL48vxM7iw5dM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDLaCq5IURVdS0IXLivYBTSiT6aQdOjMJMxOhhIAbf8WNC0Xc+hPu/BunbRbaeuDC4Zx7ufeeIGZUacf5tgpLyyura8X10sbm1vaOvbvXUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsYXU389gORikbiXo9j4nM0EDSkGGkj9eyDihdKhFM3S2uZd02YRtC7owOOKj277FSdKeAicXNSBjkaPfvL60c44URozJBSXdeJtZ8iqSlmJCt5iSIxwiM0IF1DBeJE+en0hwweG6UPw0iaEhpO1d8TKeJKjXlgOjnSQzXvTcT/vG6iwws/pSJONBF4tihMGNQRnAQC+1QSrNnYEIQlNbdCPEQmE21iK5kQ3PmXF0mrVnVPq2e3tXL9Mo+jCA7BETgBLjgHdXADGqAJMHgEz+AVvFlP1ov1bn3MWgtWPrMP/sD6/AHLSpb3</latexit>

Jg

<latexit sha1_base64="JktVSwQxLGyAi1CY5xvMTxgloM0=">AAAB7HicbVBNSwMxEJ31s9avqkcvwVbwVHaLoicpeBFPFdy20K4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjsrq2vrG5uFreL2zu7efungsKnjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjm6mfuuJKs1i+WDGCQ0EHkgWMYKNlfzK3eOg0iuV3ao7A1omXk7KkKPRK311+zFJBZWGcKx1x3MTE2RYGUY4nRS7qaYJJiM8oB1LJRZUB9ns2Ak6tUofRbGyJQ2aqb8nMiy0HovQdgpshnrRm4r/eZ3URFdBxmSSGirJfFGUcmRiNP0c9ZmixPCxJZgoZm9FZIgVJsbmU7QheIsvL5NmreqdVy/ua+X6dR5HAY7hBM7Ag0uowy00wAcCDJ7hFd4c6bw4787HvHXFyWeO4A+czx/PRI4F</latexit>

Lq
z

<latexit sha1_base64="WQLpd689XelDX9MGxRF/zA+HSek=">AAAB7nicbVA9SwNBEJ31M8avqKXNYiJYhbugaCUBGwuLCOYDkjPsbfaSJXt75+6eEI/8CBsLRWz9PXb+GzfJFZr4YODx3gwz8/xYcG0c5xstLa+srq3nNvKbW9s7u4W9/YaOEkVZnUYiUi2faCa4ZHXDjWCtWDES+oI1/eHVxG8+MqV5JO/MKGZeSPqSB5wSY6Vm6eb+oftU6haKTtmZAi8SNyNFyFDrFr46vYgmIZOGCqJ123Vi46VEGU4FG+c7iWYxoUPSZ21LJQmZ9tLpuWN8bJUeDiJlSxo8VX9PpCTUehT6tjMkZqDnvYn4n9dOTHDhpVzGiWGSzhYFicAmwpPfcY8rRo0YWUKo4vZWTAdEEWpsQnkbgjv/8iJpVMruafnstlKsXmZx5OAQjuAEXDiHKlxDDepAYQjP8ApvKEYv6B19zFqXUDZzAH+APn8AeBaO/g==</latexit>

J
q,g = 1

2

R 1
�1 dx x (Hq,g(x, ⇠, 0) + E

q,g(x, ⇠, 0))

<latexit sha1_base64="qz/qj1T/1hU0vX4tNrlvg2EytGs="></latexit>

1
2 = Jq + Jg

<latexit sha1_base64="zLMwK3gIYFdE0OADXnJscVeSYaI=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJtgKglCSotiNUHAjXVWwD2jTMplO2qGTSZyZCCUE/BU3LhRx63e482+cPhbaeuDC4Zx7ufceL2JUKtv+NjIrq2vrG9nN3Nb2zu6euX/QkGEsMKnjkIWi5SFJGOWkrqhipBUJggKPkaY3upn4zUciJA35vRpHxA3QgFOfYqS01DOPCh1fIJw4aVJKr6vdh/Nqd1DomXm7aE9hLRNnTvIwR61nfnX6IY4DwhVmSMq2Y0fKTZBQFDOS5jqxJBHCIzQgbU05Coh0k+n5qXWqlb7lh0IXV9ZU/T2RoEDKceDpzgCpoVz0JuJ/XjtWftlNKI9iRTieLfJjZqnQmmRh9akgWLGxJggLqm+18BDpOJROLKdDcBZfXiaNUtG5KF7elfKV8jyOLBzDCZyBA1dQgVuoQR0wJPAMr/BmPBkvxrvxMWvNGPOZQ/gD4/MHpuCUnA==</latexit>

 at         unpolarized PDF⇠ = 0
<latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit>

not directly accessible

Lq
z = Jq � 1

2�⌃

<latexit sha1_base64="DNzS+LJ2w5rRVavtVXj71ZUIq5Y=">AAACDXicbVDLSsNAFJ3UV62vqEs3g63gxpIUxW6Egi5EXFS0D2jSMJlO2qGTR2cmQg35ATf+ihsXirh1786/cfpYaOuBC4dz7uXee9yIUSEN41vLLCwuLa9kV3Nr6xubW/r2Tl2EMcekhkMW8qaLBGE0IDVJJSPNiBPku4w03P75yG/cEy5oGNzJYURsH3UD6lGMpJIcvVC4bg+ch7Or9uDI8jjCiZkmpdS6IEwi65Z2fQQLjp43isYYcJ6YU5IHU1Qd/cvqhDj2SSAxQ0K0TCOSdoK4pJiRNGfFgkQI91GXtBQNkE+EnYy/SeGBUjrQC7mqQMKx+nsiQb4QQ99VnT6SPTHrjcT/vFYsvbKd0CCKJQnwZJEXMyhDOIoGdignWLKhIghzqm6FuIdUJlIFmFMhmLMvz5N6qWgeF09uSvlKeRpHFuyBfXAITHAKKuASVEENYPAInsEreNOetBftXfuYtGa06cwu+APt8wfoj5rM</latexit>

H(x, ⇠, t), E(x, ⇠, t)

<latexit sha1_base64="9rbUDo1SCaV27Md1mJGyU75sAdc=">AAACAnicbZBdSwJBFIbP9mn2tdVVdDOkgYHIrhR5KUTgpUF+gC4yO446OPvBzGwoi3TTX+mmiyK67Vd0179p1CVKe2Hg4T3ncOa8bsiZVJb1Zaysrq1vbKa20ts7u3v75sFhXQaRILRGAh6Iposl5cynNcUUp81QUOy5nDbc4fW03rinQrLAv1PjkDoe7vusxwhW2uqYx9lKbpRvj1henefRzQ+jbMfMWAVrJrQMdgIZSFTtmJ/tbkAij/qKcCxly7ZC5cRYKEY4naTbkaQhJkPcpy2NPvaodOLZCRN0pp0u6gVCP1+hmft7IsaelGPP1Z0eVgO5WJua/9VakeqVnJj5YaSoT+aLehFHKkDTPFCXCUoUH2vARDD9V0QGWGCidGppHYK9ePIy1IsF+6JweVvMlEtJHCk4gVPIgQ1XUIYKVKEGBB7gCV7g1Xg0no03433eumIkM0fwR8bHN+f5lIY=</latexit>

•                                : twist-2 GPDs

• Requires extrapolation to t=0

• Requires spanning x at fixed values of               is the most convenient)  ⇠ (⇠ = 0

<latexit sha1_base64="ruQ3pfESuhNooHV6qL/jhX0mLEw=">AAAB+HicbVDLSgMxFL3js9ZHR126CbZCF1JmimI3QsGNywr2AZ2hZNJMG5rJDElGrKVf4saFIm79FHf+jWk7C209cLmHc+4lNydIOFPacb6ttfWNza3t3E5+d2//oGAfHrVUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYxuZn77gUrFYnGvxwn1IzwQLGQEayP17ELJe2TIO0dl06+dUs8uOhVnDrRK3IwUIUOjZ395/ZikERWacKxU13US7U+w1IxwOs17qaIJJiM8oF1DBY6o8ifzw6fozCh9FMbSlNBorv7emOBIqXEUmMkI66Fa9mbif1431WHNnzCRpJoKsngoTDnSMZqlgPpMUqL52BBMJDO3IjLEEhNtssqbENzlL6+SVrXiXlQu76rFei2LIwcncAplcOEK6nALDWgCgRSe4RXerCfrxXq3Phaja1a2cwx/YH3+AAm5kVw=</latexit>

X. Ji, F. Yuan, Y. Zhao, Nature Rev. Phys. 3 (2021) 1
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Ji’s Sum Rule

1
2�⌃

<latexit sha1_base64="/+98Fcw27C2/ZrBL48vxM7iw5dM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDLaCq5IURVdS0IXLivYBTSiT6aQdOjMJMxOhhIAbf8WNC0Xc+hPu/BunbRbaeuDC4Zx7ufeeIGZUacf5tgpLyyura8X10sbm1vaOvbvXUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsYXU389gORikbiXo9j4nM0EDSkGGkj9eyDihdKhFM3S2uZd02YRtC7owOOKj277FSdKeAicXNSBjkaPfvL60c44URozJBSXdeJtZ8iqSlmJCt5iSIxwiM0IF1DBeJE+en0hwweG6UPw0iaEhpO1d8TKeJKjXlgOjnSQzXvTcT/vG6iwws/pSJONBF4tihMGNQRnAQC+1QSrNnYEIQlNbdCPEQmE21iK5kQ3PmXF0mrVnVPq2e3tXL9Mo+jCA7BETgBLjgHdXADGqAJMHgEz+AVvFlP1ov1bn3MWgtWPrMP/sD6/AHLSpb3</latexit>

Jg

<latexit sha1_base64="JktVSwQxLGyAi1CY5xvMTxgloM0=">AAAB7HicbVBNSwMxEJ31s9avqkcvwVbwVHaLoicpeBFPFdy20K4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjsrq2vrG5uFreL2zu7efungsKnjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjm6mfuuJKs1i+WDGCQ0EHkgWMYKNlfzK3eOg0iuV3ao7A1omXk7KkKPRK311+zFJBZWGcKx1x3MTE2RYGUY4nRS7qaYJJiM8oB1LJRZUB9ns2Ak6tUofRbGyJQ2aqb8nMiy0HovQdgpshnrRm4r/eZ3URFdBxmSSGirJfFGUcmRiNP0c9ZmixPCxJZgoZm9FZIgVJsbmU7QheIsvL5NmreqdVy/ua+X6dR5HAY7hBM7Ag0uowy00wAcCDJ7hFd4c6bw4787HvHXFyWeO4A+czx/PRI4F</latexit>

Lq
z

<latexit sha1_base64="WQLpd689XelDX9MGxRF/zA+HSek=">AAAB7nicbVA9SwNBEJ31M8avqKXNYiJYhbugaCUBGwuLCOYDkjPsbfaSJXt75+6eEI/8CBsLRWz9PXb+GzfJFZr4YODx3gwz8/xYcG0c5xstLa+srq3nNvKbW9s7u4W9/YaOEkVZnUYiUi2faCa4ZHXDjWCtWDES+oI1/eHVxG8+MqV5JO/MKGZeSPqSB5wSY6Vm6eb+oftU6haKTtmZAi8SNyNFyFDrFr46vYgmIZOGCqJ123Vi46VEGU4FG+c7iWYxoUPSZ21LJQmZ9tLpuWN8bJUeDiJlSxo8VX9PpCTUehT6tjMkZqDnvYn4n9dOTHDhpVzGiWGSzhYFicAmwpPfcY8rRo0YWUKo4vZWTAdEEWpsQnkbgjv/8iJpVMruafnstlKsXmZx5OAQjuAEXDiHKlxDDepAYQjP8ApvKEYv6B19zFqXUDZzAH+APn8AeBaO/g==</latexit>

J
q,g = 1

2

R 1
�1 dx x (Hq,g(x, ⇠, 0) + E

q,g(x, ⇠, 0))

<latexit sha1_base64="qz/qj1T/1hU0vX4tNrlvg2EytGs="></latexit>

1
2 = Jq + Jg

<latexit sha1_base64="zLMwK3gIYFdE0OADXnJscVeSYaI=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJtgKglCSotiNUHAjXVWwD2jTMplO2qGTSZyZCCUE/BU3LhRx63e482+cPhbaeuDC4Zx7ufceL2JUKtv+NjIrq2vrG9nN3Nb2zu6euX/QkGEsMKnjkIWi5SFJGOWkrqhipBUJggKPkaY3upn4zUciJA35vRpHxA3QgFOfYqS01DOPCh1fIJw4aVJKr6vdh/Nqd1DomXm7aE9hLRNnTvIwR61nfnX6IY4DwhVmSMq2Y0fKTZBQFDOS5jqxJBHCIzQgbU05Coh0k+n5qXWqlb7lh0IXV9ZU/T2RoEDKceDpzgCpoVz0JuJ/XjtWftlNKI9iRTieLfJjZqnQmmRh9akgWLGxJggLqm+18BDpOJROLKdDcBZfXiaNUtG5KF7elfKV8jyOLBzDCZyBA1dQgVuoQR0wJPAMr/BmPBkvxrvxMWvNGPOZQ/gD4/MHpuCUnA==</latexit>

 at         unpolarized PDF⇠ = 0
<latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit>

not directly accessible

Lq
z = Jq � 1

2�⌃

<latexit sha1_base64="DNzS+LJ2w5rRVavtVXj71ZUIq5Y=">AAACDXicbVDLSsNAFJ3UV62vqEs3g63gxpIUxW6Egi5EXFS0D2jSMJlO2qGTR2cmQg35ATf+ihsXirh1786/cfpYaOuBC4dz7uXee9yIUSEN41vLLCwuLa9kV3Nr6xubW/r2Tl2EMcekhkMW8qaLBGE0IDVJJSPNiBPku4w03P75yG/cEy5oGNzJYURsH3UD6lGMpJIcvVC4bg+ch7Or9uDI8jjCiZkmpdS6IEwi65Z2fQQLjp43isYYcJ6YU5IHU1Qd/cvqhDj2SSAxQ0K0TCOSdoK4pJiRNGfFgkQI91GXtBQNkE+EnYy/SeGBUjrQC7mqQMKx+nsiQb4QQ99VnT6SPTHrjcT/vFYsvbKd0CCKJQnwZJEXMyhDOIoGdignWLKhIghzqm6FuIdUJlIFmFMhmLMvz5N6qWgeF09uSvlKeRpHFuyBfXAITHAKKuASVEENYPAInsEreNOetBftXfuYtGa06cwu+APt8wfoj5rM</latexit>

H(x, ⇠, t), E(x, ⇠, t)

<latexit sha1_base64="9rbUDo1SCaV27Md1mJGyU75sAdc=">AAACAnicbZBdSwJBFIbP9mn2tdVVdDOkgYHIrhR5KUTgpUF+gC4yO446OPvBzGwoi3TTX+mmiyK67Vd0179p1CVKe2Hg4T3ncOa8bsiZVJb1Zaysrq1vbKa20ts7u3v75sFhXQaRILRGAh6Iposl5cynNcUUp81QUOy5nDbc4fW03rinQrLAv1PjkDoe7vusxwhW2uqYx9lKbpRvj1henefRzQ+jbMfMWAVrJrQMdgIZSFTtmJ/tbkAij/qKcCxly7ZC5cRYKEY4naTbkaQhJkPcpy2NPvaodOLZCRN0pp0u6gVCP1+hmft7IsaelGPP1Z0eVgO5WJua/9VakeqVnJj5YaSoT+aLehFHKkDTPFCXCUoUH2vARDD9V0QGWGCidGppHYK9ePIy1IsF+6JweVvMlEtJHCk4gVPIgQ1XUIYKVKEGBB7gCV7g1Xg0no03433eumIkM0fwR8bHN+f5lIY=</latexit>

•                                : twist-2 GPDs

J
q,g(x) 6= 1

2 [xH
q,g(x, 0, 0) + E

q,g(x, 0, 0)]

<latexit sha1_base64="Fz6QhbzX74jVX/oLX6xZSd0159w="></latexit>

•                                                                     not angular momentum density 

• Requires extrapolation to t=0

• Requires spanning x at fixed values of               is the most convenient)  ⇠ (⇠ = 0

<latexit sha1_base64="ruQ3pfESuhNooHV6qL/jhX0mLEw=">AAAB+HicbVDLSgMxFL3js9ZHR126CbZCF1JmimI3QsGNywr2AZ2hZNJMG5rJDElGrKVf4saFIm79FHf+jWk7C209cLmHc+4lNydIOFPacb6ttfWNza3t3E5+d2//oGAfHrVUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYxuZn77gUrFYnGvxwn1IzwQLGQEayP17ELJe2TIO0dl06+dUs8uOhVnDrRK3IwUIUOjZ395/ZikERWacKxU13US7U+w1IxwOs17qaIJJiM8oF1DBY6o8ifzw6fozCh9FMbSlNBorv7emOBIqXEUmMkI66Fa9mbif1431WHNnzCRpJoKsngoTDnSMZqlgPpMUqL52BBMJDO3IjLEEhNtssqbENzlL6+SVrXiXlQu76rFei2LIwcncAplcOEK6nALDWgCgRSe4RXerCfrxXq3Phaja1a2cwx/YH3+AAm5kVw=</latexit>

X. Ji, F. Yuan, Y. Zhao, Nature Rev. Phys. 3 (2021) 1


X. Ji, PRL 78 (1997) 610



Ji’s Sum Rule

1
2�⌃

<latexit sha1_base64="/+98Fcw27C2/ZrBL48vxM7iw5dM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDLaCq5IURVdS0IXLivYBTSiT6aQdOjMJMxOhhIAbf8WNC0Xc+hPu/BunbRbaeuDC4Zx7ufeeIGZUacf5tgpLyyura8X10sbm1vaOvbvXUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsYXU389gORikbiXo9j4nM0EDSkGGkj9eyDihdKhFM3S2uZd02YRtC7owOOKj277FSdKeAicXNSBjkaPfvL60c44URozJBSXdeJtZ8iqSlmJCt5iSIxwiM0IF1DBeJE+en0hwweG6UPw0iaEhpO1d8TKeJKjXlgOjnSQzXvTcT/vG6iwws/pSJONBF4tihMGNQRnAQC+1QSrNnYEIQlNbdCPEQmE21iK5kQ3PmXF0mrVnVPq2e3tXL9Mo+jCA7BETgBLjgHdXADGqAJMHgEz+AVvFlP1ov1bn3MWgtWPrMP/sD6/AHLSpb3</latexit>

Jg

<latexit sha1_base64="JktVSwQxLGyAi1CY5xvMTxgloM0=">AAAB7HicbVBNSwMxEJ31s9avqkcvwVbwVHaLoicpeBFPFdy20K4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjsrq2vrG5uFreL2zu7efungsKnjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjm6mfuuJKs1i+WDGCQ0EHkgWMYKNlfzK3eOg0iuV3ao7A1omXk7KkKPRK311+zFJBZWGcKx1x3MTE2RYGUY4nRS7qaYJJiM8oB1LJRZUB9ns2Ak6tUofRbGyJQ2aqb8nMiy0HovQdgpshnrRm4r/eZ3URFdBxmSSGirJfFGUcmRiNP0c9ZmixPCxJZgoZm9FZIgVJsbmU7QheIsvL5NmreqdVy/ua+X6dR5HAY7hBM7Ag0uowy00wAcCDJ7hFd4c6bw4787HvHXFyWeO4A+czx/PRI4F</latexit>
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<latexit sha1_base64="WQLpd689XelDX9MGxRF/zA+HSek=">AAAB7nicbVA9SwNBEJ31M8avqKXNYiJYhbugaCUBGwuLCOYDkjPsbfaSJXt75+6eEI/8CBsLRWz9PXb+GzfJFZr4YODx3gwz8/xYcG0c5xstLa+srq3nNvKbW9s7u4W9/YaOEkVZnUYiUi2faCa4ZHXDjWCtWDES+oI1/eHVxG8+MqV5JO/MKGZeSPqSB5wSY6Vm6eb+oftU6haKTtmZAi8SNyNFyFDrFr46vYgmIZOGCqJ123Vi46VEGU4FG+c7iWYxoUPSZ21LJQmZ9tLpuWN8bJUeDiJlSxo8VX9PpCTUehT6tjMkZqDnvYn4n9dOTHDhpVzGiWGSzhYFicAmwpPfcY8rRo0YWUKo4vZWTAdEEWpsQnkbgjv/8iJpVMruafnstlKsXmZx5OAQjuAEXDiHKlxDDepAYQjP8ApvKEYv6B19zFqXUDZzAH+APn8AeBaO/g==</latexit>
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�1 dx x (Hq,g(x, ⇠, 0) + E

q,g(x, ⇠, 0))

<latexit sha1_base64="qz/qj1T/1hU0vX4tNrlvg2EytGs="></latexit>

1
2 = Jq + Jg

<latexit sha1_base64="zLMwK3gIYFdE0OADXnJscVeSYaI=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJtgKglCSotiNUHAjXVWwD2jTMplO2qGTSZyZCCUE/BU3LhRx63e482+cPhbaeuDC4Zx7ufceL2JUKtv+NjIrq2vrG9nN3Nb2zu6euX/QkGEsMKnjkIWi5SFJGOWkrqhipBUJggKPkaY3upn4zUciJA35vRpHxA3QgFOfYqS01DOPCh1fIJw4aVJKr6vdh/Nqd1DomXm7aE9hLRNnTvIwR61nfnX6IY4DwhVmSMq2Y0fKTZBQFDOS5jqxJBHCIzQgbU05Coh0k+n5qXWqlb7lh0IXV9ZU/T2RoEDKceDpzgCpoVz0JuJ/XjtWftlNKI9iRTieLfJjZqnQmmRh9akgWLGxJggLqm+18BDpOJROLKdDcBZfXiaNUtG5KF7elfKV8jyOLBzDCZyBA1dQgVuoQR0wJPAMr/BmPBkvxrvxMWvNGPOZQ/gD4/MHpuCUnA==</latexit>

 at         unpolarized PDF⇠ = 0
<latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit>

not directly accessible

Lq
z = Jq � 1
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<latexit sha1_base64="DNzS+LJ2w5rRVavtVXj71ZUIq5Y=">AAACDXicbVDLSsNAFJ3UV62vqEs3g63gxpIUxW6Egi5EXFS0D2jSMJlO2qGTR2cmQg35ATf+ihsXirh1786/cfpYaOuBC4dz7uXee9yIUSEN41vLLCwuLa9kV3Nr6xubW/r2Tl2EMcekhkMW8qaLBGE0IDVJJSPNiBPku4w03P75yG/cEy5oGNzJYURsH3UD6lGMpJIcvVC4bg+ch7Or9uDI8jjCiZkmpdS6IEwi65Z2fQQLjp43isYYcJ6YU5IHU1Qd/cvqhDj2SSAxQ0K0TCOSdoK4pJiRNGfFgkQI91GXtBQNkE+EnYy/SeGBUjrQC7mqQMKx+nsiQb4QQ99VnT6SPTHrjcT/vFYsvbKd0CCKJQnwZJEXMyhDOIoGdignWLKhIghzqm6FuIdUJlIFmFMhmLMvz5N6qWgeF09uSvlKeRpHFuyBfXAITHAKKuASVEENYPAInsEreNOetBftXfuYtGa06cwu+APt8wfoj5rM</latexit>

H(x, ⇠, t), E(x, ⇠, t)

<latexit sha1_base64="9rbUDo1SCaV27Md1mJGyU75sAdc=">AAACAnicbZBdSwJBFIbP9mn2tdVVdDOkgYHIrhR5KUTgpUF+gC4yO446OPvBzGwoi3TTX+mmiyK67Vd0179p1CVKe2Hg4T3ncOa8bsiZVJb1Zaysrq1vbKa20ts7u3v75sFhXQaRILRGAh6Iposl5cynNcUUp81QUOy5nDbc4fW03rinQrLAv1PjkDoe7vusxwhW2uqYx9lKbpRvj1henefRzQ+jbMfMWAVrJrQMdgIZSFTtmJ/tbkAij/qKcCxly7ZC5cRYKEY4naTbkaQhJkPcpy2NPvaodOLZCRN0pp0u6gVCP1+hmft7IsaelGPP1Z0eVgO5WJua/9VakeqVnJj5YaSoT+aLehFHKkDTPFCXCUoUH2vARDD9V0QGWGCidGppHYK9ePIy1IsF+6JweVvMlEtJHCk4gVPIgQ1XUIYKVKEGBB7gCV7g1Xg0no03433eumIkM0fwR8bHN+f5lIY=</latexit>

•                                : twist-2 GPDs

J
q,g(x) 6= 1

2 [xH
q,g(x, 0, 0) + E

q,g(x, 0, 0)]

<latexit sha1_base64="Fz6QhbzX74jVX/oLX6xZSd0159w="></latexit>

•                                                                     not angular momentum density 

• Requires extrapolation to t=0

• Requires spanning x at fixed values of               is the most convenient)  ⇠ (⇠ = 0

<latexit sha1_base64="ruQ3pfESuhNooHV6qL/jhX0mLEw=">AAAB+HicbVDLSgMxFL3js9ZHR126CbZCF1JmimI3QsGNywr2AZ2hZNJMG5rJDElGrKVf4saFIm79FHf+jWk7C209cLmHc+4lNydIOFPacb6ttfWNza3t3E5+d2//oGAfHrVUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYxuZn77gUrFYnGvxwn1IzwQLGQEayP17ELJe2TIO0dl06+dUs8uOhVnDrRK3IwUIUOjZ395/ZikERWacKxU13US7U+w1IxwOs17qaIJJiM8oF1DBY6o8ifzw6fozCh9FMbSlNBorv7emOBIqXEUmMkI66Fa9mbif1431WHNnzCRpJoKsngoTDnSMZqlgPpMUqL52BBMJDO3IjLEEhNtssqbENzlL6+SVrXiXlQu76rFei2LIwcncAplcOEK6nALDWgCgRSe4RXerCfrxXq3Phaja1a2cwx/YH3+AAm5kVw=</latexit>

• OAM can be related to twist-3 GPDs: not simple partonic interpretation,  
                                                            but definition of a gauge-invariant covariant OAM density

X. Ji, F. Yuan, Y. Zhao, Nature Rev. Phys. 3 (2021) 1


X. Ji, PRL 78 (1997) 610



Hermes Coll., JHEP 06 (2008) 066JLab Hall A, Phys. Rev. Lett. 99 (2007) 242501

extractions from HERMES 
data using two different 
models

QCDSF: PoS (Lattice 2007) 158

LHPC: PRD77 (2008) 094502

Lattice results

DFJK, EPJC39 (2005) 1

GPDs extracted from form factors

Orbital Angular momentum of the proton 
 from available GPD measurements


Improved accuracy with JLab12 and future EIC measurements! 

J
q,g = 1

2

R 1
�1 dx x (Hq,g(x, ⇠, 0) + E

q,g(x, ⇠, 0))

<latexit sha1_base64="qz/qj1T/1hU0vX4tNrlvg2EytGs="></latexit>

Lq = Jq � 1
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<latexit sha1_base64="YAeNo0Ms53xND5tLYuZIMfrnmqA=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q1vBjSUpit0IBV2IuKhoH9CkZTKdtEMnj85MhBKyd+OvuHGhiFt/wJ1/47TNQlsPXDiccy/33uOEjAppGN9aZml5ZXUtu57b2Nza3tF39xoiiDgmdRywgLccJAijPqlLKhlphZwgz2Gk6QwvJn7zgXBBA/9ejkNie6jvU5diJJXU1fPFm87o/LozOrZcjnBsJnE5sS4Jkwhad7TvoWJXLxglYwq4SMyUFECKWlf/snoBjjziS8yQEG3TCKUdIy4pZiTJWZEgIcJD1CdtRX3kEWHH018SeKiUHnQDrsqXcKr+noiRJ8TYc1Snh+RAzHsT8T+vHUm3YsfUDyNJfDxb5EYMygBOgoE9ygmWbKwIwpyqWyEeIJWJVPHlVAjm/MuLpFEumSel09tyoVpJ48iCA5AHR8AEZ6AKrkAN1AEGj+AZvII37Ul70d61j1lrRktn9sEfaJ8/NziZ3w==</latexit>



Lorcé, BP, Xiong, Yuan, PRD 85 (2012) 114006

Hatta, PLB 708 (2012) 186

Orbital angular momentum of the proton from Wigner functions

Lorcé, BP, PRD 84 (2011) 014015

lqz =
R
dxd2~k?d2~b?(~b? ⇥ ~k?)⇢

q,W
LU (~b?,~k?, x)

<latexit sha1_base64="1q3Ehz/sfpFX/0WbOhBkaOAknz4="></latexit>

lqz =

Z
d2~b?~b? ⇥ h~kq?i

<latexit sha1_base64="FpHGdtCRkxakZyQH/3Nrf56H5Do="></latexit>

h~k?(~b?)i=
R
dxd~k? ~k? ⇢q,WLU (~b?,~k?, x)

<latexit sha1_base64="3oYJ3zgkYy8jviqVyKWRAEXL+MQ="></latexit>



Lorcé, BP, Xiong, Yuan, PRD 85 (2012) 114006

Hatta, PLB 708 (2012) 186

Orbital angular momentum of the proton from Wigner functions

Lorcé, BP, PRD 84 (2011) 014015

•mutually orthogonal components of quark position and momentum

no conflict with uncertainty principle

•the integrand        represents the OAM densitylqz(x)

<latexit sha1_base64="B+8GzF6CutE3GIzZIgFQacC5Qnc=">AAACE3icbVC7TsNAEDzzDOZloKSxiJBCisiOQKSMREMZJPKQkmCdz5vklPPZuTsjgpV/oOFXaChAiJaGjr/h8ihCwkgrjWZ2tbvjx4xK5Tg/xsrq2vrGZmbL3N7Z3du3Dg5rMkoEgSqJWCQaPpbAKIeqoopBIxaAQ59B3e9fjf36PQhJI36rhjG0Q9zltEMJVlryrHzLhy7lKQw4FgIP8yOT3Q28x9zDmdkCHswZnpV1Cs4E9jJxZySLZqh41ncriEgSAleEYSmbrhOrdoqFooTByGwlEmJM+rgLTU05DkG208lPI/tUK4HdiYQuruyJOj+R4lDKYejrzhCrnlz0xuJ/XjNRnVI7pTxOFHAyXdRJmK0iexyQHVABRLGhJpgIqm+1SQ8LTJSO0dQhuIsvL5NaseCeFy5uitlyaRZHBh2jE5RDLrpEZXSNKqiKCHpCL+gNvRvPxqvxYXxOW1eM2cwR+gPj6xcKhp46</latexit>

•intuitive definition of OAM

•same equation for both Jaffe-Manohar (staple-like link) and Ji (straight link) OAM

•equation holds also for gluon OAM

•it can be calculated in LQCD     Engelhardt, PRD95 (2017) 094505
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lqz =

Z
d2~b?~b? ⇥ h~kq?i

<latexit sha1_base64="FpHGdtCRkxakZyQH/3Nrf56H5Do="></latexit>

h~k?(~b?)i=
R
dxd~k? ~k? ⇢q,WLU (~b?,~k?, x)

<latexit sha1_base64="3oYJ3zgkYy8jviqVyKWRAEXL+MQ="></latexit>



Lorcé, BP, Xiong, Yuan, PRD 85 (2012) 114006

Hatta, PLB 708 (2012) 186

Orbital angular momentum of the proton from Wigner functions

Lorcé, BP, PRD 84 (2011) 014015

lqz =
R
dxd2~k?d2~b?(~b? ⇥ ~k?)⇢

q,W
LU (~b?,~k?, x)

<latexit sha1_base64="1q3Ehz/sfpFX/0WbOhBkaOAknz4="></latexit>

lqz =

Z
d2~b?~b? ⇥ h~kq?i

<latexit sha1_base64="FpHGdtCRkxakZyQH/3Nrf56H5Do="></latexit>

h~k?(~b?)i=
R
dxd~k? ~k? ⇢q,WLU (~b?,~k?, x)

<latexit sha1_base64="3oYJ3zgkYy8jviqVyKWRAEXL+MQ="></latexit>

Proton spin
u-quark OAM
d-quark OAM



[Lorcé, BP (2011)]

[Lorcé, BP, Xiong, Yuan(2011)]

[Ji, Xiong, Yuan (2012)]

[Burkardt (2012)]

[Ji (1997)]

difference between the two definitions can be interpreted as 
the change in the quark OAM as the quark leaves the target in a DIS experiment 

   [M. Burkardt (2013)]

FSIISI

e.g. SIDISe.g. DY

[Hatta (2012)]

JM
[Jaffe, Manohar (1990)]

lqz =
R
dxd2~k?d2~b?(~b? ⇥ ~k?)⇢

q,W
LU (~b?,~k?, x)

<latexit sha1_base64="EJ09yiG35h6fm1aw6BPi6YLwQAc="></latexit>

same equation for both Ji (straight link) OAM  and Jaffe-Manohar (staple-like link)

Lq
z

<latexit sha1_base64="qIg7WDs53RLzbPT1cjZi63ljBiI=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYiJYhbugmDJgY2ERwXxAcoa9zV6yZHfv3N0T4pEfYWOhiK2/x85/4ya5QhMfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqa+q1HqjSL5J0Zx9QXeCBZyAg2VmqVbu4fek+lXqHolt0Z0DLxMlKEDPVe4avbj0giqDSEY607nhsbP8XKMMLpJN9NNI0xGeEB7VgqsaDaT2fnTtCpVfoojJQtadBM/T2RYqH1WAS2U2Az1IveVPzP6yQmrPopk3FiqCTzRWHCkYnQ9HfUZ4oSw8eWYKKYvRWRIVaYGJtQ3obgLb68TJqVsndevritFGvVLI4cHMMJnIEHl1CDa6hDAwiM4Ble4c2JnRfn3fmYt6442cwR/IHz+QN2SI74</latexit>

`qz

<latexit sha1_base64="pYaGAS7mi5u7oCXpBxbd+ZGPZpc=">AAAB8XicbVBNT8JAEJ36ifiFevTSCCaeSEs0ciTx4hET+YhQyXaZwobttu5uTbDhX3jxoDFe/Tfe/Dcu0IOCL5nk5b2ZzMzzY86Udpxva2V1bX1jM7eV397Z3dsvHBw2VZRIig0a8Ui2faKQM4ENzTTHdiyRhD7Hlj+6mvqtR5SKReJWj2P0QjIQLGCUaCPdlbrI+f1D76nUKxSdsjODvUzcjBQhQ71X+Or2I5qEKDTlRKmO68TaS4nUjHKc5LuJwpjQERlgx1BBQlReOrt4Yp8apW8HkTQltD1Tf0+kJFRqHPqmMyR6qBa9qfif10l0UPVSJuJEo6DzRUHCbR3Z0/ftPpNINR8bQqhk5labDokkVJuQ8iYEd/HlZdKslN3z8sVNpVirZnHk4BhO4AxcuIQaXEMdGkBBwDO8wpulrBfr3fqYt65Y2cwR/IH1+QPnJ5Bj</latexit>

`qz � Lq
z = lq,potz

<latexit sha1_base64="/3cl+9niTqhAqhbkUDpsbvD+mz0="></latexit>

Ji    
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z = ` SIDIS

z

<latexit sha1_base64="t5iFDcRPm92IXKNFPEIvXl0290w=">AAACFnicbVDLSsNAFJ34rPUVdelmsBVcaEmKr41QsAu7q9Q+pIllMp20QycPZiZCDfkKN/6KGxeKuBV3/o3TNgttPXDhcM693HuPEzIqpGF8a3PzC4tLy5mV7Ora+samvrXdEEHEManjgAW85SBBGPVJXVLJSCvkBHkOI01ncDnym/eECxr4N3IYEttDPZ+6FCOppI5+lIcWYazzcBdbh7HFPVi+TZKLKa1WKVdqSZLv6DmjYIwBZ4mZkhxIUe3oX1Y3wJFHfIkZEqJtGqG0Y8QlxYwkWSsSJER4gHqkraiPPCLsePxWAveV0oVuwFX5Eo7V3xMx8oQYeo7q9JDsi2lvJP7ntSPpntsx9cNIEh9PFrkRgzKAo4xgl3KCJRsqgjCn6laI+4gjLFWSWRWCOf3yLGkUC+Zx4eS6mCudpnFkwC7YAwfABGegBK5AFdQBBo/gGbyCN+1Je9HetY9J65yWzuyAP9A+fwCxY55r</latexit>



⌘ ! 1

Ji OAM Jaffe-Manohar  
OAM

Jaffe-Manohar  
OAM

nucleon rapidity

light-cone limit for 

Continuous interpolation between the Ji limit 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the distributions in red vanish if there is no quark orbital angular momentum 

the distributions in black survive in the collinear limit  

each distribution contains unique information

Mapping the nucleon in multidimensional space
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The errors are large, 

but slowly we are getting some 3D information

x-dependent transverse squared radius(t = �~�2
?) extrapolation from data⇠ = 0
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CLAS and HERMES data
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Dupré et al., PRD95(2017)011501

As x      1, the active parton carries all the momentum  
 and represents the centre of momentum 

extrapolating  
in the unmeasured  

x-range

x-dependent transverse squared radius(t = �~�2
?) extrapolation from data⇠ = 0
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Moutarde et al., EPJC78(2018)890

 u quarkCLAS and HERMES data

New results from COMPASS Coll.: Phys. Lett. B793 (2019) 188 

Model dependence can not be avoided, but different fit methods and parametrizations  
can help to constraint the theoretical uncertainties 
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New parametrization based on DRs: reduce problems related to the extrapolation to         ⇠ = 0
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Energy Density Momentum Density

Energy Flux Momentum Flux

pressure

shear forcesTµ⌫ =

T 00 T 01 T 02 T 03

T 10 T 11 T 12 T 13

T 20 T 21 T 22 T 23

T 30 T 31 T 32 T 33

nucleon momentum carried by parton 

angular momentum of partons

Relation with second-moments of GPDs:  

D-term ( “stability” of the nucleon)

“Charges” of the EMT Form Factors at t=0

hp|TQ,G
µ⌫ |p0i = ū(p0)


MQ,G

2 (t)
PµP⌫

MN
+ JQ,G(t)

i(Pµ�⌫⇢ + P⌫�µ⇢)�⇢

2MN
+ dQ,G

1 (t)
�µ�⌫ � gµ⌫�2

5MN
± c̄(t)gµ⌫

�
u(p)
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Form Factors of Energy Momentum Tensor



Energy Density Momentum Density

Energy Flux Momentum Flux

pressure

shear forcesTµ⌫ =

T 00 T 01 T 02 T 03

T 10 T 11 T 12 T 13

T 20 T 21 T 22 T 23

T 30 T 31 T 32 T 33

Form Factors of Energy Momentum Tensor

T ijdSj

“mechanical properties” of nucleon

M. Polyakov, PLB 555 (2003) 57

Fourier transform in coordinate space

shear forces pressure

TQ
ij (~r)= s(~r)

✓
rirj
r2

� 1

3
�ij

◆
+ p(~r) �ij

dQ1 (0) = 5⇡MN

Z 1

0
dr r4 p(r)

Spin session, Thur. (Metz, Sznajder, Nair, Tezgin, Focillon, Rodini)



Girod, Elouadrhiri,Burkert, Nature 557 (2018) 7705 
and arXiv: 2104.02031;  
CLAS 6GeV data

D(t) form factor from data

= 4/5 dQ1 (t)

<latexit sha1_base64="zFHZGaa6V9KkwHcA8H19ZlCzgQ8=">AAACG3icbVDLSsNAFJ34Nr6qLt0MFkFFalLqYyMIblxasFVoaphMbtqhk0mcmQgl9D/c+CtuXCjiSnDh3zh9LLT1wMDhnHO5c0+Qcqa043xbU9Mzs3PzC4v20vLK6lphfaOukkxSqNGEJ/I2IAo4E1DTTHO4TSWQOOBwE3Qu+v7NA0jFEnGtuyk0Y9ISLGKUaCP5hbIXQIuJHO4FkZJ093v2WeXwCHsHOPTdu+qu3rM9EOGvgF8oOiVnADxJ3BEpohGu/MKnFyY0i0FoyolSDddJdTMnUjPKoWd7mYKU0A5pQcNQQWJQzXxwWw/vGCXEUSLNExoP1N8TOYmV6saBScZEt9W41xf/8xqZjk6bORNppkHQ4aIo41gnuF8UDpkEqnnXEEIlM3/FtE0kodrUaZsS3PGTJ0m9XHIrpaNquXh+PKpjAW2hbbSLXHSCztElukI1RNEjekav6M16sl6sd+tjGJ2yRjOb6A+srx9Qcp+w</latexit>



Girod, Elouadrhiri,Burkert, Nature 557 (2018) 7705 
and arXiv: 2104.02031;  
CLAS 6GeV data

D(t) form factor from data

FT

r2p(r)
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radial pressure distribution

 data before 6 GeV JLab
6 GeV JLab data
projected 12 GeV JLab data

r2s(r)
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shear forces distribution

= 4/5 dQ1 (t)

<latexit sha1_base64="zFHZGaa6V9KkwHcA8H19ZlCzgQ8=">AAACG3icbVDLSsNAFJ34Nr6qLt0MFkFFalLqYyMIblxasFVoaphMbtqhk0mcmQgl9D/c+CtuXCjiSnDh3zh9LLT1wMDhnHO5c0+Qcqa043xbU9Mzs3PzC4v20vLK6lphfaOukkxSqNGEJ/I2IAo4E1DTTHO4TSWQOOBwE3Qu+v7NA0jFEnGtuyk0Y9ISLGKUaCP5hbIXQIuJHO4FkZJ093v2WeXwCHsHOPTdu+qu3rM9EOGvgF8oOiVnADxJ3BEpohGu/MKnFyY0i0FoyolSDddJdTMnUjPKoWd7mYKU0A5pQcNQQWJQzXxwWw/vGCXEUSLNExoP1N8TOYmV6saBScZEt9W41xf/8xqZjk6bORNppkHQ4aIo41gnuF8UDpkEqnnXEEIlM3/FtE0kodrUaZsS3PGTJ0m9XHIrpaNquXh+PKpjAW2hbbSLXHSCztElukI1RNEjekav6M16sl6sd+tjGJ2yRjOb6A+srx9Qcp+w</latexit>

dQ1 (t) = dQ1 (0)(1� t/M2)↵
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Necessary to verify model assumptions in the exp extraction

with more data coming  from JLab, COMPASS and the future EIC, EIcC

Kumericki, Nature 570 (2019) 7759; Dutriex et al, arXiv: 2101.03855

Talk of P. Sznajder, Spin session, Thursday

CLAS data, with fixed param., 
Girod et al.

CLAS data, with neural networks 
Kumericki

global fit to DVCS data  
with artificial neural networks

X

q

dq1 < 0

<latexit sha1_base64="XUDBbRbIZ2ki00vIUmAfiL7UwUA=">AAACGnicbVA9SwNBEN3zM8avqKXNYhDEItyFiBYWARvLCOYDkvPY25skS/b2Lrt7QjjyO2z8KzYWitiJjf/GTXJFTHww8Hhvhpl5fsyZ0rb9Y62srq1vbOa28ts7u3v7hYPDhooSSaFOIx7Jlk8UcCagrpnm0IolkNDn0PQHNxO/+QhSsUjc61EMbkh6gnUZJdpIXsHp+NBjIoWhIFKS0fk431FJ6A1x4DkPQ3xt5zsggjnfKxTtkj0FXiZORoooQ80rfHWCiCYhCE05Uart2LF2UyI1oxzMvkRBTOiA9KBtqCAhKDedvjbGp0YJcDeSpoTGU3V+IiWhUqPQN50h0X216E3E/7x2ortXbspEnGgQdLaom3CsIzzJCQdMAtV8ZAihkplbMe0TSag2aeZNCM7iy8ukUS45ldLFXblYrWRx5NAxOkFnyEGXqIpuUQ3VEUVP6AW9oXfr2Xq1PqzPWeuKlc0coT+wvn8BoXOgjw==</latexit>

in all model calculations 
for a stable proton



•Complete momentum spectrum of single particle


•Transverse momentum size as function of x (3D map)


•Spin-Spin and Spin-Orbit Correlations of partons


•Information on parton orbital angular momentum  
(no direct model-independent relation)

Key information from Transverse Momentum Dependent PDFs 

TMD U L T

U f1 h?
1

L g1L h?
1L

T f?
1T g1T h1, h?

1T

unpolarized 
target and partons

deformation due to 
spin-spin and spin-orbit correlations



Foreseen EIC impact on unp. TMDs: SIDIS measurements 

Sensitivity coefficients: measure of the correlation between fit parameters and  
measurable quantities at EIC

Talk of C. Bissolotti, Spin session, Thur.
EIC Yellow Report: arXiv: 2103.05419 
based on Bacchetta, et al.,  JHEP 07 (2020) 117




f�1T =

non-zero ONLY with final-state interaction

the helicity mismatch requires orbital angular momentum (OAM)

unpolarized quarks in     pol. nucleon⊥

non trivial correlation between quark OAM and nucleon transverse spin

no counterpart in GPD and PDF case

Sivers function

fSIDIS
1T (x, k?) = �fDY

1T (x, k?)
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+, Lz
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+, (Lz + 1)
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+
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kx (GeV)
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kx (GeV)
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Global fit to SIDIS, DY, W  /Z boson production±
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more on Sivers extractions and gluon Sivers data from RHIC, Tue. Spin session

M. Bury, A. Prokudin, A. Vladimirov, arXiv: 2103.03270

up down



Transversity and tensor charge from SOLID@JLab and EIC

SOLID and EIC 
quadrature  

of syst. and stat. Errors 

 relative error of 
transversity 

 

Gamberg, Kang, Pitonyak, Prokudin, Sato, Seidl, arXiv:2101.062700
more on transversity extractions  
on Wed. Spin session

SOLID and EIC 
kinematic coverage 

 
e+N" ! e+ ⇡± +X
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current phen. extraction

 current SIDIS kinematic coverage  
0.02  x  0.3
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Talk of L. Pappalardo, Tue. Spin session

New SIDIS analysis: JHEP 12 (2020) 010

Talk of B. Parsamyan, Tue. Spin session

New SIDIS data: JHEP 12 (2020) 010

3 talks on Tue., spin session

Talk of S. Diehl, Thu. Spin session



•The field of ``Spin and 3D structure” is continuously advancing  
and is prominently included in the strategic plans worldwide

•Our knowledge of GPD and TMD keeps increasing,  
but still many challenging questions

•PDFs, GPDs, TMDs, Wigner distributions are sensitive to various aspects of angular 
momentum: putting together direct, indirect, and model inspired information from 
different sides it is our best hope to make quantitative assessments 

Conclusions

•Exciting program of talks at this conference!!!



Observables for GTMDs and Wigner functions 

Diffractive Exclusive back-to-back dijet production in              collisions               `N / `A
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Hatta, Nakagawa, Xiao, Yuan, Zhao, PRD 95 (2017) 114032; Ji, Yuan, Zhao, PRL 118 (2017) 192004
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- Reconstruction of full dijet kinematics and measure the azimuthal modulations in the angle  
  between       and  ~�?
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- At small x: sensitivity to gluon GTMDs

Hatta, Xiao, Yuan, PRL 116 (2016) 202301

- Estimates in the CGC effective field theory suggest that modulations are maximum some tens   
  of percent level Mäntysaari, Mueller, Schenke, PRD99 (2019) 074004

- With proton polarization one may access F g
1,4
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Observables for GTMDs and Wigner functions 

Exclusive dijet production in pA UPC (gluon GTMDs)
Hagiwara, Hatta, Pasechnik, Tasevsky, Teryaev, PRD 96 (2016) 034009

Exclusive double quarkonia  production in hadronic collisions (gluon GTMDs)
Bhattacharya, Metz, Ojha, Tsai, Zhou, arXiv:1802.10550 Boussarie, Hatta, Xiao, Yuan, PRD 98 (2015) 074015



Observables for GTMDs and Wigner functions 

Bhattacharya, Metz, Zhou, PLB 771 (2017) 396

Exclusive pion-nucleon double Drell-Yan (quark GTMDs)

- At present, the only known process that is sensitive to quark GTMDs

- In leading order is sensitive to ERBL region only

- Low count rate (amplitude                )T ⇠ ↵2
em
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A worldwide challenge                   


